Published by Institute of Physics Publishing for SISSA/ISAS Received: February 12, 2002 Accepted: March 18, 2002

Light-like noncommutativity and duality from open strings/branes

Henric Larsson

Institute of Theoretical Physics Göteborg University and Chalmers University of Technology SE-412 96 Göteborg, Sweden E-mail: solo@fy.chalmers.se

Abstract: In this paper we perform some non-trivial tests for the recently obtained open membrane/D-brane metrics and ‘generalized’ noncommutativity parameters using Dp/NS5/M5-branes which have been deformed by light-like fields. The results obtained give further evidence that these open membrane/D-brane metrics and ‘generalized’ noncommutativity parameters are correct. Further, we use the open brane data and supergravity duals to obtain more information about non-gravitational theories with light-like noncommutativity, or ‘generalized’ light-like noncommutativity. In particular, we investigate various duality relations (strong coupling limits). In the light-like case we also comment on the relation between open membrane data (open membrane metric etc.) in six dimensions and open string data in five dimensions. Finally, we investigate the strong coupling limit (high energy limit) of five dimensional NCYM with Θ^{12} = Θ^{34}. In particular, we find that this NCYM theory can be UV completed by a DLCQ compactification of M-theory.

Keywords: p-branes, String Duality, AdS-CFT Correspondence, Non-Commutative Geometry.

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep032002037 /jhep032002037 .pdf

Contents

1. Introduction 1

2. Supergravity duals and open brane data 3 2.1 Deforming a Dp-brane with light-like NS-NS B-field 4 2.2 Deforming an NS5-brane with light-like RR C-field 6 2.3 Deforming an M5-brane with light-like three form A 7

3. Light-like noncommutativity and a duality web 9 3.1 The light-like (2,0) tensor theory 9 3.2 Light-like theories and duality relations 10 3.2.1 Light-like noncommutativity in three dimensions 10 3.2.2 Light-like noncommutativity in four dimensions 10 3.2.3 Light-like noncommutativity in five dimensions 11 3.2.4 Light-like noncommutativity in six dimensions 12 3.2.5 Light-like noncommutativity and generalized gauge theories 14 3.3 Relations between open string/membrane data 14

4. NCYM with space-space noncommutativity and strong coupling 16

A. Conventions for S-duality, T-duality and lift to eleven dimensions 18

B. ‘Flat space scaling’ an example 19

1. Introduction

During the last couple of years there have been a huge interest in non-gravitational theories which have a noncommutative structure. The first so called noncommutative theory to be obtained was noncommutative super Yang-Mills (NCYM), with space-space [1]–[10] or light-like [11]–[14] noncommutativity. This was later followed by noncommutative open string theory (NCOS) [15]–[22], as well as various world volume theories (of deformed Dbranes, NS5-branes and M5-branes) containing light open M2-branes or open D-branes, OM/ODp/~ODq [23]–[39] and [12].

It is well known that the open string metric, coupling constant and noncommutativity parameter [3], give important information for both NCYM and NCOS (e.g. in the mass shell condition for NCOS and in the definition of the Yang-Mills coupling constant for NCYM). These open string quantities are well defined and obtained from the open string two-point function [3] (metric and noncommutativity parameter) and the Dirac-Born-Infeld action (coupling constant, see e.g. [3]). For OM-theory it was conjectured in [24] that there is an open membrane (M2) metric which is relevant for this theory. Later in [32, 33, 38], the

– 1 – full open membrane metric was obtained, including the conformal factor, using different methods. Unfortunately we still lack a microscopic understanding of the open membrane metric. In [33, 38], the full structure of a conjectured open membrane generalized noncommutativity parameter was also obtained, again using different methods. This object is expected to be the open membrane analog of the open string noncommutative parameter, see [33, 38, 37] where the relation to the open string noncommutativity parameter is derived. In paper [33] expressions for open Dq-brane metrics and generalized noncommutativity parameters were also obtained. These are expected to be important for the open D-brane theories ODp [23, 26, 12, 27, 29, 30, 31] (NS5-brane world volume theories containing light open Dp-branes) and ~ODq [29, 30] (D(q + 2)-brane world volume theories containing light open Dq-branes).

In this paper we will further investigate these open brane (Dq/M2) metrics for the special case where we have turned on a light-like field on a Dp/NS5/M5-brane. In particular, we show that if one insert a supergravity solution, which corresponds to a Dp/NS5/M5- brane with a light-like field turned on, in these open metrics, one obtains a deformation independent [9] open brane metric.^1 We also show that one obtains the expected results after taking the near horizon limit (e.g. fixed generalized noncommutativity parameter in all cases). For a deformation with a magnetic or electric RR field, deformation independence and fixed generalized noncommutativity, was derived in [33]. Further, we find here that the open membrane metric and generalized noncommutativity parameter in six dimensions can be reduced to the open string metric, coupling constant and noncommutativity parameter in five dimension, in the case when the M-theory three form A is light-like (light-like A → light-like NS-NS B, where B is dual to a light-like RR three form C). In [33, 38], it was demonstrated that the reduction for a general three form only works for the ‘electric’ rank 2 case, see [33, 38] for details. However, the light-like case was excluded from the investigation. Further, we investigate field theories and Little String theories with light-light noncommutativity [11, 12], specially their duality relations. We also include a discussion about the strong coupling limit of five dimensional NCYM with Θ^{12} = Θ^{34} ≠ 0, which is given by a DLCQ compactification of M-theory in the presence of a ‘parallel’ M5-brane (i.e., one of the M5-brane directions is in the light-like compactified direction) and two transverse M2-branes.

The paper is organized as follows: section 2 contains the relevant supergravity duals, as well as the open F1/Dq/M2 data, that are needed later. In section 3 we discuss various issues about field theories and Little String theories with light-like ‘ordinary’ or ‘generalized’ noncommutativity, as well as how open string and open membrane data are related in five and six dimensions. In section 4 we investigate the strong coupling limit of NCYM with Θ^{12} = Θ^{34} ≠ 0 in five dimensions. There are also two appendices included, where we have collected our conventions regarding T-duality, S-duality and lift from type IIA to eleven dimensions, as well as a discussion on the relation between the ‘supergravity dual’ and the ‘flat space scaling’ approaches to noncommutative theories.

1This means that the result is independent of the deformation parameter θ in the solution, see section 2 and [40, 10, 33]. This result is important, since the assumption of deformation independence played an important role in the derivation of the open membrane/D-brane metrics in [33].

– 2 –

2. Supergravity duals and open brane data

In this section, we obtain the supergravity duals of all non-gravitational theories with a one parameter light-like noncommutativity, in dimensions d ≤ 6.^2 The relevant open string/open D-brane data are also computed and shown to be deformation independent.

The supergravity duals are obtained by starting with the relevant supergravity solution, corresponding to a bound state (stack of N branes at r = 0 with different fields turned on), followed by taking a near horizon limit (involves α^′ → 0, see below). The so obtained supergravity solution is called a supergravity dual. This supergravity dual is then probed by a probe brane. By taking this probe brane infinitely far away from the stack (i.e., r̃ → ∞), the U(1) degrees of freedom on the probe brane will decouple from gravity, and the physics of the probe brane can be described by a non-gravitational theory with noncommutativity, see e.g. [9, 33, 41] for further clarifications. If e.g. the probe brane is a Dp-brane, then open strings can end on it. Therefore, the open string metric, coupling constant and noncommutativity parameter give important information of the physics on this probe brane. For example, as we will see below, in the case of a Dp-brane with a light-like B-field turned on, we obtain, using the supergravity dual and open string data, that the physics on the single probe brane is governed by a U(1) (p+1)-dimensional NCYM theory, with light-like noncommutativity Θ^{−1} ≠ 0.^3

We note here, that this supergravity set up is equivalent to instead starting with flat space and then taking a decoupling limit a la e.g. [3, 23] in order to decouple gravity. In appendix B there is a further discussion on these two approaches and their equivalence. The main reason why we use the supergravity dual approach is because it gives us the opportunity to check that the recently derived open M2/Dq-brane metrics [32, 33] are deformation independent [9, 33], in the case of light-like deformations. That the open M2/Dq-brane metrics are deformation independent, implies that if one insert a deformed brane solution (see below) in the relevant open M2/Dq-brane metrics, then the result is not dependent of the deformation parameter θ, see [9, 10, 33] and below for details. Note also that it leads to fixed generalized noncommutativity parameters. This is important to check for light-like deformations, since the assumption of deformation independence played an important role when these open brane metrics were constructed in [33]. To be more precise: In [33] it was assumed that a Dp-brane solution deformed with an electric RR (p − 1) form, should give a deformation independent open D(p − 2)-brane metric and fixed generalized noncommutativity parameter. This assumption was essential in the derivation of the complete open Dq-brane (q = p − 2) metric and generalized noncommutativity parameter, valid for a one parameter deformation (see [33] for more details). The Mtheory open membrane data were derived using similar assumptions. Now, since these open D-brane metrics and generalized noncommutativity parameters should be deformation

2These supergravity duals have earlier been obtained in [12] (for the deformed Dp-brane cases, see also [13]), using a different solution generating technique. We will here obtain equivalent solutions, using the O(p + 1, p + 1) method [9, 10, 21], see below.

3For a stack of k probe Dp-branes on top of each other, we instead have a U(k) theory, where k ≪ N, in order for the probe branes to have a negligible effect on the background. In this paper we usually set k = 1.

– 3 – independent for any one parameter deformation. It is important to show that this is indeed true. In [33], this was shown for all electric and magnetic deformations. Below we will show that also deformations with light-like RR fields give deformation independent results.

2.1 Deforming a Dp-brane with light-like NS-NS B-field

We start by deforming a Dp-brane with a light-like NS-NS B-field (i.e, B_{+1} ≠ 0). To obtain this supergravity solution we use the O(p+1, p+1) solution generating technique [9, 10, 21]. Using this method gives the following solution^4

ds^2 = H^{−1/2}(2dx^−dx^+ − θ^2H^{−1}(dx^+)^2 + (dx^1)^2 + (dx^3)^2 + · · · + (dx^p)^2) + +H^{1/2}(dr^2 + r^2dΩ^2_{8−p}) ,

e^{2ϕ} = g^2H^{3−p2} , B_{+1} = −θH^{−1} ,

C_{+3...p} = g^{−1}θH^{−1} , H = 1 +

Ng(α^′)^{7−p}2 r^{7−p} , (2.1)

where the light-like coordinates x^± =^{1√}_2 (x^2 ± x^0). From a bound state point of view, this supergravity solution corresponds to a Dp-D(p − 2)-F1-W bound state, where W means that there is a wave included in the bound state. To obtain the supergravity duals of various noncommutative theories (NCYM) we take the following ‘magnetic’ near horizon limit (similar to (5) in [30]), where x^μ , r̃ = ℓ̃2 α^′ r , g̃ = g (α′ ℓ̃2 ) p−3_2 , ℓ̃^2 = θα^′ , (2.2)

are kept fixed in the α^′ → 0 limit. Inserting this limit in (2.1) gives the following supergravity duals ds^2 α^′ = 1 ℓ̃2 ( r̃ R̃ ) 7−p_2 [ 2dx^−dx^+ − ( r̃ R̃ )_{7−p} (dx^+)^2 + (dx^1)^2 + (dx^3)^2 + · · · + (dx^p)^2 ] + + 1 ℓ̃2 ( R̃ r̃ ) 7−p_2 (dr̃^2 + r̃^2dΩ^2_{8−p}) ,

e^{2ϕ} = g̃^2 ( R̃ r̃ )^{(7−p)(3−p)}_2 , B_{+1} α^′ = − 1 ℓ̃2 ( r̃ R̃ )_{7−p} , C_{+3...p} (α^′)^{p−1}2 = 1 g̃ℓ̃^{p−1} ( r̃ R̃ )_{7−p} , R̃^{7−p} = g̃Nℓ̃^{7−p} . (2.3)

Next, we calculate the open string metric, coupling constant and noncommutativity parameter, for a single Dp-brane probing this background solution at a distance r̃ from the stack. For a general background these are given by [3] (we use the same conventions as

4To be more specific, we use the formulas in [21, section 2] and deform the Dp-brane with θ^{01} = θ^{12} = −θ/ √ 2. Note that we only include the parts of the solution which are relevant in the investigation below, i.e., we do not include the RR (p + 1)-form (which, anyway, is the same as for an undeformed Dp-brane).

– 4 – in [30]):

G_{μν} = g_{μν} + B_{ρμ}g^{ρσ} B_{σν} = g_{μν} + B^2_{μν} , Θ^{μν} = −α^′g^{μρ}B_{ρσ}G^{σν} , G^2_{os} = e^ϕ ( det G det g )_{1/4} . (2.4)

The symmetric tensor G_{μν} is the open string metric governing the mass-shell condition for the open string states propagating on the probe D-brane, while the antisymmetric tensor Θ^{μν} is the parameter of noncommutativity between the D-brane coordinates. Inserting the above solution (2.1) in (2.4), gives the following deformation independent result (before taking the limit (2.2)):^5

G_{μν} = H^{−1/2}η_{μν} , G^2_{os} = gH^{3−p4} , Θ^{−1} = α^′θ . (2.5)

These open string quantities are deformation independent, which means that the open string metric and coupling constant are independent of the deformation parameter θ, and that the noncommutativity parameter is a constant, i.e., independent of the radial coordinate r [9, 21, 33]. Together with results in [9] this shows that all types (i.e., electric, magnetic and light-like) of one parameter deformations of Dp-branes give deformation independent open string data. Taking the magnetic near horizon limit gives the following open string data, and Yang-Mills coupling constant: G_{μν} α^′ = 1 ℓ̃2 ( r̃ R̃ ) 7−p_2 η_{μν} , G^2_{os} = g̃ ( R̃ r̃ )^{(3−p)(7−p)}_4 , Θ^{−1} = ℓ̃^2 , g^2_{YM} = g̃ℓ̃^{p−3} . (2.6)

In the solution (2.1), there is a non-zero light-like RR (d + 1) = (p − 1)-form potential, which is dual to the light-like NS-NS B-field. This means that an open Dq-brane description of the physics might be important in certain limits (see section 3.2.5 below). We therefore calculate the open Dq-brane metric and generalized noncommutativity parameter ((q + 1)- polyvector). For a one-parameter deformation these are given by [33]

G^{odq}_{μν} = [ 1 + 1 (q + 1)!

C^2_{q+1} ] 1−q_{1+q} ( g^{Dq}_{μν} + 1 q! (C^2_{q+1})_{μν} ) , Θ^{μ1···μq+1} odq = −(α^′)^{q+12} (1 + 1 (q + 1)!

|C_{q+1}|^2)^{q−1q+1} g^{μ1ν1}_{Dq} C_{ν1...νq+1} G^{ν2μ2}_{odq} · · · G^{νq+1μq+1}_{odq} , (2.7)

where g^{Dq}_{μν} = e^{− 2ϕq+1} g_{μν} is the closed Dq-brane metric, and

(C^2_{q+1})_{μν} = g^{ρ1σ1}_{Dq} · · · g^{ρq σq}_{Dq} C_{ρ1...ρq μ}C_{σ1...σq ν} , C^2_{q+1} = g^{μν}_{Dq}(C^2_{q+1})_{μν} . (2.8)

Inserting the above solution (2.1) in (2.7), gives the following deformation independent result G^{odq}_{μν} = (g^2H)^{− 1q+1} η_{μν} , Θ^{−3...(q+2)}_{odq} = −g(α^′)^{q+12} θ . (2.9)

5Note that the − and 1 in Θ^{−1} are indices and should not be confused with the inverse of Θ, which does not occur at all in this paper.

– 5 –

It is important that we have obtained a deformation independent result, since this gives further credibility to the open D-brane metric and theta parameters obtained in [33]. To be more specific: It gives further evidence that the tensor structure of (2.7) is correct, but unfortunately gives no information on the conformal factor, since C^2_{q+1} = 0 for a light-like deformation. Taking the magnetic near horizon limit gives the following open Dq-brane metric and theta parameter: G^{odq}_{μν} α^′ = 1 g̃^{2q+1} ℓ̃^2 ( r̃ R̃ ) 5−q_{q+1} η_{μν} , Θ^{−3...(q+2)} odq = −g̃ℓ̃^{q+1} . (2.10)

Note that the open Dq-brane metric diverges in units of α^′, in the decoupling limit (r̂ → ∞), while the generalized noncommutativity parameter is fixed and constant, which is what we expected.

2.2 Deforming an NS5-brane with light-like RR C-field

Next we obtain NS5-brane solutions with a light-like RR (p + 1)-form turned on. As we will see below, these solutions also contain a light-like RR (5−p)-form potential. To obtain these solutions we S-dualize (2.1) for p = 5 and then we use T-duality, using the conventions in appendix B. This gives the following result (we get three different solutions labeled by 1,2,3):

ds^2 = 2dx^{′−}dx^{′+} − θ^2H^{−1}(dx^{′+})^2 + (dx^{′1})^2 + (dx^{′3})^2 + (dx^{′4})^2 + (dx^{′5})^2 +

+H(dr^{′2} + r^{′2}dΩ^2_3) , H = 1 + Nα^′ r^{′2} , e^{2ϕ} = g^{′2}H ,

1 : p = 0, 4 C_+ = −C_{+1345} = g^{′−1}θH^{−1} , 2 : p = 1, 3 C_{+1} = C_{+345} = g^{′−1}θH^{−1} , 3 : p = 2 C_{+15} = C_{+34} = g^{′−1}θH^{−1} , where g^′ = g^{−1} , x^{′μ} = g^{−1/2}x^μ , r^′ = g^{−1/2}r . (2.11)

These three solutions correspond to the following bound states: 1. (IIA) NS5-D4-D0-W, 2. (IIB) NS5-D3-D1-W and 3. (IIA) NS5-D2-D2-W. Note that 2 is S-dual to D5-D3-F1-W, 1 lifts (plus a rotation) to M5-W (smeared in one direction) and 3 lifts to M5-M2-M2-W (smeared in one direction). Next we take the following modified magnetic near horizon limit (similar to (20) in [30]):

x̂^μ = ℓ (α^′)^{1/2} x^{′μ} , r̂ = ℓ^3 (α^′)^{3/2} r^′ , ĝ = g^′ ℓ^2 α^′ , ℓ^2 = θα^′ , α^′ → 0 . (2.12)

Taking the near horizon limit for the solution (2.11), gives the following supergravity dual: ds^2 α^′ = 1 ℓ^2 ( 2dx̂^−dx̂^+ − (dx̂^+)^2 + ( r̂ R̂ )_2 (dx̂^1)^2 + (dx̂^3)^2 + · · · + (dx̂^5)^2 + + (R̂ r̂ )_2 (dr̂^2 + r̂^2dΩ^2_3) ) , R̂^2 = Nℓ^2 ,

– 6 – e^{2ϕ} = ĝ^2 (R̂ r̂ )_2 , 1 : p = 0, 4

C_+ (α^′)^{1/2} = 1 ĝℓ ( r̂ R̂ )_2 C_{+1345} (α^′)^{5/2} = − 1 ĝℓ^5 ( r̂ R̂ )_2 , 2 : p = 1, 3

C_{+1} α^′ = 1 ĝℓ^2 ( r̂ R̂ )_2 C_{+345} (α^′)^2 = 1 ĝℓ^4 ( r̂ R̂ )_2 , 3 : p = 2

C_{+15} (α^′)^{3/2} = C_{+34} (α^′)^{3/2} = 1 ĝℓ^3 ( r̂ R̂ )_2 . (2.13)

These solutions are supergravity duals of Little String Theory with different noncommutative deformations, see section 3.

In this case it is not relevant for our investigations below to calculate open F1-string data since open F1-strings cannot end on NS5-branes, without breaking supersymmetry. However, since open Dp-branes can end on NS5-branes, we can instead calculate the open Dp-brane metric and generalized theta parameter. Inserting the above solution (2.11) in (2.7), gives the following deformation independent result^6

G^{odp}_{μν} = (g^{′2}H)^{− 1p+1} η_{μν} , 1 : p = 0, 4 Θ^{−1345}_{od4} = g^′(α^′)^{5/2}θ , 2 : p = 1, 3 Θ^{−1}_{od1} = −g^′α^′θ , Θ^{−345}_{od3} = −g^′(α^′)^2θ , 3 : p = 2 Θ^{−15}_{od2} = Θ^{−34}_{od2} = −g^′(α^′)^{3/2}θ . (2.14)

Again this is a welcomed result. Taking the magnetic near horizon limit (2.12), gives the following open Dp-brane metric and theta parameter: G^{odp}_{μν} α^′ = 1 ĝ^{2p+1} ℓ^2 ( r̂ R̂ ) 2_{p+1} η_{μν} , 1 : p = 0, 4 Θ^{−1345}_{od4} = ĝℓ^5 , 2 : p = 1, 3 Θ^{−1}_{od1} = −ĝℓ^2 , Θ^{−345}_{od3} = −ĝℓ^4 , 3 : p = 2 Θ^{−15}_{od2} = Θ^{−34}_{od2} = −ĝℓ^3 . (2.15)

Note that the open Dp-brane metric diverges in units of α^′, in the decoupling limit (r̂ → ∞), while the generalized noncommutativity parameters are fixed and constant, as expected.

2.3 Deforming an M5-brane with light-like three form A

We end this section by deforming an M5-brane with a light-like three form A. This solution is easily obtained by lifting the solution (2.1) for p = 4, i.e., we lift the bound state D4- D2-F1-W to eleven dimensions, which gives an M5-M2-M2-W bound state, where the M2-branes have the same charge. Lifting the solution (2.1) for p = 4, to eleven dimensions

6In case 3 we have to use the open membrane data (2.19) below (since we have the special case with a self-dual three form), but of course use the closed D2-brane metric instead of the closed membrane metric, see [33]. Also let ℓ^3_p → (α^′)^{3/2}.

– 7 – gives the following bound state (we label the uplifting direction by x^5):

ds^2 = H^{−1/3}(2dx^−dx^+ − θ^2H^{−1}(dx^+)^2 + (dx^1)^2 + (dx^3)^2 + (dx^4)^2 + (dx^5)^2) + +H^{2/3}(dr^2 + r^2dΩ^2_4) ,

A_{+15} = −θH^{−1} , A_{+34} = θH^{−1} , H = 1 +

Nℓ^3_p r^3

, (2.16)

where we have used (A.2) in appendix A. Next, by ‘lifting’ the near horizon limit (2.2) we obtain the following eleven dimensional near horizon limit, where x^μ , r̃ = ℓ^3_m ℓ^3_p r , ℓ^3_m = θℓ^3_p , (2.17)

are kept fixed in the ℓ_p → 0 limit. Note that this near horizon limit is a ‘tensor theory type’ of limit [42], since we keep r/ℓ^3_p fixed. We will also see below that this limit gives the supergravity dual of the (2,0) tensor theory with a light-like deformation. Taking this near horizon limit gives the following solution ds^2 ℓ^2_p = 1 ℓ^2_m ( r̃ R̃ )[ 2dx^−dx^+ − ( r̃ R̃ )_3 (dx^+)^2 + (dx^1)^2 + (dx^3)^2 + (dx^4)^2 + (dx^5)^2 ] + + 1 ℓ^2_m (R̃ r̃ )_2

(dr̃^2 + r̃^2dΩ^2_4) ,

A_{+15} ℓ^3_p = − A_{+34} ℓ^3_p = − 1 ℓ^3_m ( r̃ R̃ )_3

, R̃^3 = Nℓ^3_m . (2.18)

We continue by calculating the open membrane metric and generalized noncommutativity parameter, which for a general background are given by [32, 33, 38]:

G^{OM}_{μν} = (1 − √1 − K_{−2} K^2 )_{1/3}( g_{μν} + 1 4 A^2_{μν} ) , Θ^{μνρ}_{OM} = −ℓ^3_p[K(1 − √ 1 − K^{−2})]^{2/3}g^{μμ1} A_{μ1ν1ρ1} G^{ν1ν}_{OM} G^{ρ1ρ}_{OM} , K = √ 1 + 1 24 A^2 , A^2_{μν} = g^{μ1 ν1} g^{μ2ν2} A_{μ1μ2μ}A_{ν1ν2ν} , A^2 = g^{μν} A^2_{μν} . (2.19)

Calculating the open membrane metric and generalized noncommutativity parameter for (2.16), gives the following deformation independent result:

G^{OM}_{μν} = H^{−1/3}η_{μν} , Θ^{−15}_{OM} = −Θ^{−34}_{OM} = ℓ^3_pθ . (2.20)

By taking the magnetic near horizon limit (2.17), we obtain the following open membrane metric and generalized noncommutativity parameter: G^{OM}_{μν} ℓ^2_p = 1 ℓ^2_m ( r̃ R̃ ) η_{μν} , Θ^{−15}_{OM} = −Θ^{−34}_{OM} = ℓ^3_m , (2.21)

which implies that we have a fixed generalized noncommutativity parameter and that the open membrane metric diverges in unites of ℓ^2_p, in the decoupling limit (r̃ → ∞).

– 8 –

We have seen in this section that for light-like deformations of Dp/NS5/M5-branes, we obtain deformation independent open brane (F1/Dq/M2) data in all cases, before we take any near horizon limit. For the open Dq-brane and open membrane data this is good news, since it gives further evidence that the tensor structure of the expressions for the open brane metrics and generalized noncommutativity parameters, obtained in [32, 33, 38], are correct. Further indications are also given by the fact that we in all cases obtain open brane metrics which diverges in units of α^′ (or ℓ^2_p), when r̃ → ∞ (decoupling limit), after taking the near horizon limit. For the open string case this implies that massive open strings decouple and that we obtain a field theory on the probe brane. Similar for the open D/membrane cases we expect it to imply that there are no light open D/membranes in the world volume theories.

Together with the results in [33] (electric and magnetic cases), the results in this section confirm that all types of one parameter deformations (i.e., electric, magnetic and light-like), in all cases (i.e., deformations of Dp/NS5/M5-branes) give deformation independent open brane metrics and fixed noncommutativity parameters.

3. Light-like noncommutativity and a duality web

In this section we will discuss the various noncommutative theories, for which we obtained supergravity duals and relevant open F1/Dq/M2 data in the last section (see also [11, 12]). In particular, we will be interested in the different phases of the theories and their duality relations (for IIB branes S-duality and lift to M-theory for IIA branes). We will also, in subsection 3.3, include a few comments on the relation between open membrane data in six dimensions and open string data in five dimensions.

3.1 The light-like (2,0) tensor theory

The supergravity dual (2.18) corresponds to an M5-brane with a light-like three form A turned on. The world volume theory is conjectured to be [34, 35, 36] the six dimensional (2,0) tensor theory with some kind of generalized noncommutativity structure, characterized by a three form Θ_{OM} [35]. This ‘light-like’ (2,0) tensor theory (LL(2,0)) is obtained from the (2,0) theory by perturbing the (2,0) theory with a dimension 9 (mass^9) operator [34, 35, 36]. For a further discussion about the DLCQ description of this theory see [34, 35, 36].

In the last section we computed the open membrane metric and generalized noncommutativity parameter (2.21), for the supergravity dual (2.18). We see that we have obtained a fixed generalized noncommutativity parameter, which confirms the existence of the conjectured three form in [35]. However, it is not yet clear what this generalized noncommutativity parameter implies for the physics of the deformed M5-brane. It has been speculated [37, 33, 38], that it gives rise to some kind of noncommutative loop-space structure and/or non-associative geometry. This three form might also be connected to a three point function, similar to the open string noncommutative parameter which is connected to the open string two-point function [3]. Also, from the three form generalized noncommutativity parameter we see that there is a length scale ℓ_m in the theory where the

– 9 –

‘noncommutative’ effects become important. This implies that for energies E ≪ 1/ℓ_m, the (2,0) theory is a good description of the physics, while for energies E ∼ 1/ℓ_m and above, we have to use the LL(2,0) theory.

Equation (2.21) implies that the open membrane metric diverges in units of ℓ^2_p, in the decoupling limit. This also happens if we calculate the open membrane metric for the supergravity dual of the ‘ordinary’ (2,0) theory. However, it is very different from the OM-theory [23, 24] case. For the OM-theory supergravity dual (see e.g. [33]), the open membrane metric is instead fixed in unites of ℓ^2_p. This result, and the fact that the LL(2,0) theory can be obtained as a perturbation of the (2,0) theory, indicates that the ‘ordinary’ (2,0) tensor theory and the light-like version are rather ‘similar’ in the sense that they have a similar amount of degrees of freedom (d.o.f.). OM-theory instead, is expected to be very different compared to these tensor theories, with a much larger amount of d.o.f, see also discussions in [11, 36]. Because of this ‘similarity’ of the two tensor theories, it would be very interesting to investigate if it is possible to obtain a map, similar to the Seiberg- Witten map [3], for the LL(2,0) theory. A map of this kind might involve some kind of generalization of the star product [3], where the three form Θ_{OM} is important analogous to how the open string noncommutativity parameter Θ is important in the Seiberg-Witten map.

In the next subsection 3.1 we will show how the light-like three form Θ_{OM} is related to the five dimensional NCYM light-like noncommutativity parameter Θ.

3.2 Light-like theories and duality relations

In this subsection, we continue by analyzing various non-gravitational theories with lightlike noncommutativity in three to six dimensions, using the supergravity duals and open brane data, that we obtained for the deformed Dp/NS5/M5-branes in the last section. We begin in three dimensions.

3.2.1 Light-like noncommutativity in three dimensions The world volume theory of a D2-brane (probe brane) with a light-like B-field, in the decoupling limit, is a U(1) NCYM theory with Θ^{−1} = ℓ̃^2. The supergravity dual is given in (2.3) with p = 2. The divergence of the open string metric (in units of α^′) implies that massive open string modes decouple. This theory has a dimension-full Yang-Mills coupling constant g^2_{YM} = g̃ℓ̃^{−1}, which means, as usual, that the theory has to be completed at low energies E ≤ g^2_{YM}. At low energies, we expect the light-like NCYM theory to be completed by an SO(8) invariant super conformal M2-brane theory (the bound state D2-F1-D0-W lifts (plus a rotation) to M2-W, where the wave is expected to be irrelevant at low energies).

3.2.2 Light-like noncommutativity in four dimensions Next, in four dimensions (see also [11]–[14]), we have a D3-brane (probe brane) with a light-like B-field (dual to a light-like C_2-field). The supergravity dual is given by (2.1), with p = 3, and the open string data is given in (2.6). The open string metric diverges, in unites of α^′, in the decoupling limit, while the noncommutativity parameter is fixed Θ^{−1} = ℓ̃^2. This implies that we have obtained a U(1) noncommutative Yang-Mills theory,

– 10 – with light-like noncommutativity and dimensionless Yang-Mills coupling constant g^2_{YM} = g̃. This theory is unitary and renormalizable, which has been shown in [11]. It was also argued that the strong coupling limit of this theory is another NCYM theory with lightlike noncommutativity (see also [12, 14]). The relations between the two theories coupling constants and noncommutativity parameters are given by

g^2_{YM(s)} = 1 g^2_{YM}

, Θ^{−3}_{(s)} = −g^2_{YM}Θ^{−1} , (3.1)

where the index (s) means the S-dual parameter. To obtain this result, we S-dualize the supergravity dual, calculate the open string data, and compare the open string data for the two S-dual supergravity duals. Note that this is rather different compared to NCYM with space-space noncommutativity, which is S-dual to NCOS in four dimensions [15].

The above NCYM theory with non-zero Θ^{−1}, can be generalized to light-like NCYM with both Θ^{−1} and Θ^{−3} non-zero. The S-dual of this theory is given by a light-like NCYM theory which also has non-zero Θ^{−1}_{(s)} and Θ^{−3}_{(s)} . If Θ^{−1} = Θ^{−3} = ℓ̃^2, the parameters of the two (S-dual) theories are related as follows: g^2_{YM(s)} =^1_{g2YM} and Θ^{−1}_{(s)} = −Θ^{−3}_{(s)} = g^2_{YM}ℓ̃^2.

3.2.3 Light-like noncommutativity in five dimensions In five dimensions we have a D4-brane with a light-like B-field (dual to a light-like C_3-field). In this case we also have a U(1) NCYM theory with Θ^{−1} = ℓ̃^2, but with a dimension-full coupling constant g^2_{YM} = g̃ℓ̃. This implies that the theory is not renormalizable, i.e., the theory breaks down above energies E ∼ (g^2_{YM})^{−1}. This can be seen if we introduce an effective dimensionless coupling constant g^2 = Eg^2_{YM}, where E is the energy scale. The effective coupling constant g^2 is only much less then one for energies E ≪ 1/g^2_{YM}. For larger energies this theory can be completed by the world volume theory of an M5-brane with a light-like three form A-field turned on, wrapped on a circle parallel to the M5-brane. This world volume theory is the light-like (2,0) theory with generalized noncommutativity parameter Θ^{−15}_{OM} = −Θ^{−34}_{OM} , see section 3.1. Wrapping the M5-brane on a circle with radius R (in rescaled units), gives the following relations between the parameters of the two theories g^2_{YM} = R , Θ^{−1} =

Θ^{−15}_{OM} R . (3.2)

These relations are obtained by comparing the two supergravity duals (2.3) with p = 4, and (2.18), using the results in appendix A. Equation (3.2) implies that we have the following two ‘phase diagrams’^7 for a D4-brane with a light-like B-field turned on, after taking the decoupling limit (see also subsection 3.3 for additional comments on this case):

1. Θ^{1/3}_{OM} ≪ Θ^{1/2}: phase 1. for energies E ≪ 1/Θ^{1/2} the physics on the probe brane can be described by ‘ordinary’ 5 dimensional super Yang-Mills, since the noncommutativity

7What we mean here by phase diagram is that we start at low energy and let the energy E become larger and larger and at the same time we give the description (theory) which is relevant at a certain energy. At certain energies the description of the physics has to be changed, since new effects appear (e.g. noncommutativity). Note that strictly speaking a transition from one description to another does not have to be a phase transition. For example, going from SYM to NCYM is not a ‘true’ phase transition.

– 11 – is negligible; phase 2. for energies above 1/Θ^{1/2} but much less then 1/g^2_{YM} = 1/R, light-like NCYM provides a good description; phase 3. for energies E ∼ 1/g^2_{YM} = 1/R and above, we have to use the light-like (2,0) tensor theory on a circle with radius R.

2. Θ^{1/3}_{OM} ≫ Θ^{1/2}: Start with ‘ordinary’ SYM for energies E ≪ 1/R, while for energies E ∼ 1/R we have to use the (2,0) tensor theory on circle. For energies E ∼ 1/Θ^{1/3}_{OM} and above we use the light-like (2,0) tensor theory on a circle. Note that there is no NCYM phase in this case.

3.2.4 Light-like noncommutativity in six dimensions Type IIB D5/NS5-branes. In six dimensions, the world volume theory for a D5-brane with light-like B-field (dual to a RR C_4-field), is NCYM theory with noncommutativity parameter Θ^{−1} = ℓ̃^2 and dimension-full coupling constant g^2_{YM} = g̃ℓ̃^2 (the supergravity dual is given in (2.3) with p = 5). This theory is not renormalizable, and has to be completed for energies above E ∼ 1/g_{YM}, which is seen from the effective coupling constant g^2 = g^2_{YM}E^2. The six dimensional light-like NCYM theory can be completed by (1,1) Little String theory with light-like noncommutativity (light-like LST). To obtain the relevant phase diagram we use the supergravity duals (2.3) with p = 5, and (2.13) case 2, which are S-dual to each other^8. We have to use the S-dual ‘picture’ for energies above E ∼ 1/g_{YM}, since light-like NCYM becomes strongly coupled. The relations between the parameters of the two supergravity duals, as well as the relations between the relevant open brane quantities are given by ĝ = 1 g̃ , ℓ^2 = g̃ℓ̃^2 Θ^{−1}_{od1} = −Θ^{−1} . (3.3)

The tension of the little strings on the NS5-brane is given by

T_s = 1 g^2_{YM} = 1 g̃ℓ̃^2 = 1 ℓ^2

, (3.4)

where we have used (3.3) and g^2_{YM} is the six dimensional Yang-Mills coupling constant. Note that we in this paper ignore factors of 2π in the definition of tension. Before we obtain the phase diagrams, we note that for the deformed NS5-brane we have both a two form RR field as well as a four form RR field, in the supergravity dual. These RR fields are not independent but are dual to each other. This duality is due to the self-duality of the M-theory three form on the M5-brane. The RR two form leads to a noncommutativity parameter Θ_{od1}, while the four form leads to a generalized noncommutativity parameter Θ_{od3}, see (2.15) case 2. Note also that the length scales where these noncommutativity parameters become important are different. This implies that they are important at different energy scales. However, we expect both to be important at very high energies (i.e., energies E larger then both 1/Θ^{1/2}_{od1} and 1/Θ^{1/4}_{od3}). In [45, 11] a possible DLCQ description

8The S-dual of the IIB D5-brane is the IIB NS5-brane. For an NS5-brane without any RR-fields turned on, the physics (after decoupling gravity) at energies E ∼ T^{1/2}s and above, is described by the ‘ordinary’ Little String theory [43, 44], i.e., (1,1) LST theory for the IIB NS5-brane and (2,0) LST theory for the IIA NS5-brane. For energies E ≪ T^{1/2}s the effective theory is (1,1) six dimensional SYM for IIB and a (2,0) tensor theory for IIA. For a DLCQ description of these theories, see [45].

– 12 – of this light-like LST were discussed. However only the RR two form were considered. The exact role of the RR four form and Θ_{od3} are unclear to us at the moment, but we expect them to play some part in a complete description of the above light-like LST. Using (3.3) and (3.4), we obtain the following two phase diagrams:

1. Θ^{1/2} ≪ g_{YM}. If we start at low energy E ≪ 1/g_{YM}, the D5-brane (probe brane) physics can be described by ‘ordinary’ six dimensional SYM. At energies E ∼ 1/g_{YM} = T^{1/2}_s we have to use the S-dual description (D5→ NS5). This means that we can use ‘ordinary’ (1,1) Little String theory [43] as long as E ≪ 1/(Θ_{od3})^{1/4}. Above this energy we have to use light-like (1,1) LST theory where Θ^{−345}_{od3} = ĝℓ^4 is important. For energies E ∼ 1/(Θ_{od1})^{1/2} and above also the noncommutativity parameter Θ^{−1}_{od1} = ĝℓ^2 becomes important.

2. Θ^{1/2} ≫ g_{YM}. We start at low energy E ≪ 1/(Θ)^{1/2}, where we have ‘ordinary’ six dimensional SYM. For energies above this but much less then 1/g_{YM} we have light-like NCYM. At energies E ∼ 1/g_{YM} we switch to the S-dual description, which implies that we have light-like (1,1) LST theory where both Θ_{od3} and Θ_{od1} are relevant.

Type IIA NS5-brane. Next, we consider the type IIA NS5-brane with light-like RR three form turned on (the supergravity dual is given by (2.13) case 3). A light-like three form means that we have (2,0) LST theory with generalized noncommutativity parameter Θ^{−15}_{od2} = Θ^{−34}_{od2} = −ĝℓ^3.

The type IIA NS5-brane with light-like RR three form, can be interpreted as an Mtheory M5-brane with light-like three form turned on, with a small transverse circle with radius R_T (in rescaled units). The relations between the relevant open D2/M2 data, are given by

ℓ^3_m = ĝℓ^3 , Θ_{od2} = Θ_{OM} , T_s =

R_T ℓ^3_m = 1 ℓ^2

. (3.5)

These relations implies that we have the following two phase diagrams for the type IIA NS5-brane with light-like three form, after taking the decoupling limit:

1. R_T ≪ ℓ_m ≪ ℓ. At low energy E ≪ T^{1/2}_s we have the (2,0) NS5 tensor theory as usual. For energies E ∼ T^{1/2}_s but much less then 1/Θ^{1/3}_{od2}, the physics on the probe brane is described by the ‘ordinary’ LST, while for energies E ∼ 1/Θ^{1/3}_{od2} and above we have to use the light-like LST with Θ^{−15}_{od2} = Θ^{−34}_{od2} .

2. R_T ≫ ℓ_m ≫ ℓ. Start with the (2,0) M5 tensor theory with a transverse circle with radius R, for energies E ≪ 1/Θ^{1/3}_{OM} = 1/ℓ_m. Then for energies above this but much less then T^{1/2}_s , we use the light-like (2,0) tensor theory, while for energies E ∼ T^{1/2}_s and above, we use the light-like LST with Θ^{−15}_{od2} = Θ^{−34}_{od2} .

For a discussion about a possible DLCQ description of this light-like LST, see [45, 11].

– 13 –

For the IIA NS5-brane with light-like RR five form (dual to a RR one form) turned on we have light-like LST with generalized noncommutativity parameter Θ^{−1345}_{od4} = ĝℓ^4 (the supergravity dual is given by (2.13) case 1). We do not expect the dual one form to lead to any noncommutativity. The two phase diagrams are as follows:

1. Θ^{1/5}_{od4} ≪ T^{−1/2}_s . We start at low energies E ≪ T^{1/2}_s , where we have the ‘ordinary’ (2,0) NS5 tensor theory. At E ∼ T^{1/2}_s we use ‘ordinary’ LST, while for energies E ∼ 1/Θ^{1/5}_{od4} and above, we have to use the light-like LST with generalized noncommutativity parameter Θ^{−1345}_{od4} .

2. Θ^{1/5}_{od4} ≫ T^{−1/2}_s . At low energies E ≪ T^{1/2} we have the (2,0) M5 tensor theory with a transverse circle with radius R = ĝℓ, while at energies E ∼ T^{1/2} and above, we have the light-like LST with Θ^{−1345}_{od4} .

3.2.5 Light-like noncommutativity and generalized gauge theories

Before we end this subsection, we would like to make a few comments on a possible dual description of the Dp-branes with light-like B-field. As we have seen before, using open strings to define the Dp-branes led to NCYM theories with light-like noncommutativity. On a Dp-brane with light-like B-field there is also a dual light-like (p − 1)-form RR C-field, as can be seen from the supergravity duals (2.3). This implies that there, in principle, is a dual formulation of the Dp-brane with open Dq-branes (q = p − 2) ending on the Dp-brane. From (2.10) we see that the open Dq-brane metric diverges, in units of α^′, in the decoupling limit, and that there is a fixed generalized noncommutativity parameter Θ^{−3...(q+2)} odq ≠ 0. This indicates that we can describe the physics on the probe Dp-brane with some kind of generalized gauge theory with generalized noncommutativity parameter Θ_{odq}. For q = 1 we have ‘ordinary’ noncommutativity, while for q > 1, there is some generalization of noncommutativity. We expect that these theories, if they indeed exists, can be formulated in a similar way as the generalized gauge theories Dq-GT, defined in [30] (which are obtained by deforming a Dp-brane with a magnetic RR (p − 1) form). Defining them in a similar way as in [30], gives a gauge coupling which is the same as the Yang-Mills coupling g^2_{YM} and a fixed generalized noncommutativity parameter Θ_{odq}, see (2.10). This implies that these generalized gauge theories, similar to NCYM, only are complete theories for p = 3 (q = 1).

It is unclear to us if these generalized gauge theories are important or not. For example, they can not be used to ‘complete’ NCYM for p ≠ 3. Studying them further might, however, give important information on the generalized noncommutative structure they seem to inhibit. Since the relevance of these theories are not clear to us and the fact that we have a well understood NCYM description in these cases, we have chosen to not include them in the phase diagrams for the deformed Dp-branes above.

3.3 Relations between open string/membrane data

In this subsection we will make a few comments on the relations between open string data in five dimensions and open membrane data in six dimensions. As we mentioned

– 14 – before, in [32, 33, 38] the complete open membrane metric was obtained, as well as an open membrane generalized noncommutativity parameter [33, 38]. Further, in [33, 38] it was shown that if one tries to relate the open string metric and coupling constant in five dimensions, to the open membrane metric in six dimensions, there are a few subtleties. In particular, if one reduces the open membrane metric on an ‘electric’ circle, then the open membrane metric reduces to the open string metric and coupling constant (see [33, 38] for details). With electric reduction we mean the following: Assume the M-theory three form A has nonzero A_{012} and A_{345} components if we use an SO(1, 5)/ SO(1, 2) × SO(3) parametrization (see [33] for details) then an electric reduction implies that the reduction is in the x^2 direction, i.e., A_{012} → B_{01}. Similarly, a reduction in e.g. the x^5 direction is called a magnetic reduction. If one instead reduce on a ‘magnetic circle’, then it does not seem possible to obtain the open string metric and coupling constant. However, in [33] it was shown that the open membrane metric reduces to an open D2-brane metric (also obtained in [33] with another method as well) in the magnetic case. These results are in fact natural considering that in the electric case the electric component of three form reduces to an electric component of the NS-NS B-field, while in the magnetic case it reduces to an electric component of the RR three form. For a general rank four reduction, it was shown in [38] that it is not possible to obtain the open string metric and coupling constant from the open membrane metric, which also seems natural since the rank 4 reduction is a mixture of an ‘electric’ and a ‘magnetic’ reduction. For a rank 4 reduction it also does not seem to be possible to obtain an open D2-brane metric. It would be very interesting to further study the rank 4 case, since it is unclear what the failure of the reduction implies for what kind of description one should use on the D4-brane, in this case. It is possible that both open strings and open D2-branes are important for the description of the world volume physics on the D4-brane in this case.

In this paper, we are in particular interested in how the open string data are related to the open membrane data if the M-theory three form is light-like on the M5-brane and reduces to a light-like two form B on the D4-brane (rank 2). This case was not investigated in [33, 38]. For the light-like case we know that A^2, which is defined in (2.19) is A^2 = 0 (implies B^2 = B^4 = 0). Next, if we use the reduction formulas derived in [33], we obtain that the open membrane metric and generalized noncommutativity parameter can be related to the open string metric, coupling constant and noncommutativity parameter, as follows: G^{OM}_{μν} ℓ^2_p

= (G^2_{os})^{−2/3} G_{μν} α^′ , G^{OM}_{yy} ℓ^2_p = (G^2_{os})^{4/3} R^2 , Θ^{μνy}_{OM} R = Θ^{μν} , (3.6)

where μ, ν are the five dimensional indices and y is the direction in which we reduce. As expected the open brane quantities (3.6) are related analogously to how the closed brane quantities (see (A.2) below) are related. This implies that we can reduce the open membrane data to open string data, in the light-like case. The open D2-brane metric can also be obtained with a similar argument. The crucial fact in that these reductions work, is that A^2 = 0, because this implies that the conformal factor in the open membrane

– 15 – metric (2.19) is equal to 1. The results are also further confirmed by comparing the open string/membrane data in (2.5) p = 4, and (2.20), using ℓ^2_p = g^{2/3}α^′ and R^2 = g^2α^′.

4. NCYM with space-space noncommutativity and strong coupling

In this section,^9 we will obtain the theory which is the strong coupling (high energy) limit of five dimensional NCYM with Θ^{12} = Θ^{34} ≠ 0. We begin by showing that the light-like (2,0) theory is not the strong coupling (high energy) limit of NCYM with Θ^{12} = Θ^{34} ≠ 0. Naively one might think that the two theories are connected, since the bound state D4-D2-D2-D0, which is used to obtain the NCYM supergravity dual, lifts to an M5-M2-M2-W bound state. However, as we will see below, the supergravity solutions are in fact not related, once we take the near horizon limit. The relevant part of the supergravity solution, corresponding to the bound state D4-D2-D2-D0 (with equal D2-brane charge), is given by^{10}

ds^2 = H^{−1/2} ( − (dx^0)^2 + 1 h ((dx^1)^2 + · · · + (dx^4)^2) ) + H^{1/2}(dr^2 + r^2dΩ^2_4) ,

e^{2ϕ} = g^2H^{−1/2}h^{−2} , B_{12} = B_{34} = gC_{012} = gC_{034} = −θ^′(Hh)^{−1} , gC_0 = θ^{′2}H^{−1} , h = 1 + θ^{′2}H^{−1} . (4.1)

If we continue by taking the near horizon limit (2.2) (with θ^′ instead of θ), we obtain the supergravity dual of five dimensional NCYM with Yang-Mills coupling constant and noncommutativity parameter given by

g^2_{YM} = g̃ℓ̃ , Θ^{12} = Θ^{34} = ℓ̃^2 . (4.2)

For energies above E ∼ 1/g^2_{YM} this NCYM theory is strongly coupled and we have to change description. We therefore lift the type IIA solution to M-theory, in order to find a theory which ‘completes’ the above NCYM theory. Lifting the type IIA D4-D2-D2-D0 bound state to M-theory gives the following M5-M2-M2-MW bound state^{11}

ds^2 = (Hh)^{−1/3}[2dx^−dx^+ − 2θ^{′2}(Hh)^{−1}(dx^+)^2 + (dx^1)^2 + · · · + (dx^4)^2] +

+(Hh)^{2/3}(dr^2 + r^2dΩ^2_4) , x^± = 1 √ 2 (x^5 ± x^0) ,

A_{+12} = A_{+34} = − √ 2θ^′(Hh)^{−1} , h = 1 + θ^{′2}H^{−1} , H = 1 +

Nℓ^3_p r^3

. (4.3)

Comparing this solution with (2.16) in section 2, we see that (4.3) also correspond to an M5-M2-M2-MW bound state, since H^′ = Hh = 1 + θ^{′2} +^{Nℓ3p}_{r3} is a harmonic function. Note that the two solutions are very similar, except that the constants in the harmonic function

9To obtain the results in this section we have benefited from discussions with M. Cederwall, U. Gran, B.E.W. Nilsson and P. Sundell.

10We use the O(p + 1, p + 1) method in [10, 9, 21]. This bound state have been obtained earlier in [5], using other methods. Note that we have not included the RR five form.

11We use the relations in appendix A, as well as rewriting the solution in light-like coordinates. This bound state solution has earlier been obtained, using different methods, in [12, 46, 47, 48].

– 16 – are different. This difference in the harmonic functions is, however, very important when we take the near horizon limit (2.17), because the constant in the harmonic function H^′ has a θ^′ dependence, where θ^′ scales (2.17). This implies that after we have taken the near horizon limit (2.17) in (2.16) and (4.3), we obtain two different results. This naturally also leads to different results for the open membrane metric. Looking closer, we find that in the form the solution (4.3) is written, the limit (2.17) is ‘trivial’. To be more precise: taking the limit (2.17) for the solution (4.3), gives a solution which still is a complete M5-M2- M2-MW solution (let ℓ_m → ℓ_p, which gives (4.3) with θ^′ = 1, and H^′ = Hh = 1 +^{Nℓ3p}_{r3} ). The conclusion of this is that the supergravity dual of five dimensional NCYM with rank 4 space-space noncommutativity and the supergravity dual (2.18) of the light-like (2,0) theory are not connected. This can also be seen by reducing the supergravity dual (2.18), in a direction x^2 (x^2 =^{1√}_2 (x^+ + x^−)), which gives a type IIA supergravity solution which has a singularity in the metric at finite r̃. This solution is clearly not the same as (4.1) after one has taken the near horizon limit (2.2). For related results concerning the M5-M2-M2-MW bound state and near horizon limits, see [48].

We still have not answered the question about the strong coupling limit of five dimensional NCYM with Θ^{12} = Θ^{34} ≠ 0. It is clear from the above discussion, that it can not be the six dimensional light-like (2,0) theory.

Next, the ten dimensional supergravity dual lifts to an eleven dimensional supergravity solution, which approaches flat eleven dimensional space-time, in the r̃ → ∞ limit. In the r̃ → ∞ limit we get the following metric (after rescaling the coordinates)

ds^2 = −(dx^0)^2 − dx^0dx^5 + (dx_9)^2 , (4.4)

where dx_9 is the line element of nine dimensional flat space and x^5 is the ‘uplifted’ direction such that x^5 ∼ x^5 + 2πR. The result we get here is similar to what happens if one lifts the NS5-D0 bound state followed by taking the near horizon limit, see [23]. The NS5-D0 bound state is used to obtain the supergravity dual of the OD0 theory [23, 12] (a six dimensional theory containing light D0-branes), which can be obtained as a DLCQ compactification of M-theory with n units of DLCQ momentum in the presence of a transverse M5-brane. If we compare this to our case we see that there are some similarities. For example, in the D4- D2-D2-D0 bound state there is a D0-brane. As in the NS5-D0 case this D0-brane is light in the decoupling limit, with tension (mass) given by T_{D0} =^1_{g̃ℓ̃} . Note that T_{D0} = 1/g^2_{YM}. We expect that these light D0-branes can be found as noncommutative solitons (see e.g. [49] for an introduction to noncommutative solitons) in the five dimensional NCYM theory. It would be interesting to explicitly obtain this noncommutative soliton solution in the NCYM theory.

With the above results and comparing with the NS5-D0 case [23], we make the following observation. Since the five dimensional NCYM theory with Θ^{12} = Θ^{34} = Θ is only a low energy effective theory we propose that the world volume theory of the above deformed D4-brane at high energies (i.e., energies E ∼ 1/g^2_{YM} and above) is given by a DLCQ compactification of M-theory in the presence of a ‘parallel’ M5-brane (i.e., one of the M5- brane directions is the compactified x^5 direction) and two transverse M2-branes. The

– 17 – relations between the NCYM data (g^2_{YM} and Θ), the compactification radius R and the effective M-theory Planck mass (in rescaled units) are given by:

R = g^2_{YM} , M^3_{eff} = 1 g^2_{YM}Θ

. (4.5)

This gives the following two phase diagrams:

1. g^2_{YM} ≪ Θ^{1/2}. Start with ‘ordinary’ super-Yang-Mills theory up to energies E ≪ 1/Θ^{1/2}, followed by NCYM with Θ^{12} = Θ^{34} = Θ for energies E ≪ 1/R = 1/g^2_{YM}. At energies E ∼ 1/R we have to lift to M-theory (i.e., use the above DLCQ compactification of M-theory), since the NCYM theory is strongly coupled.

2. g^2_{YM} ≫ Θ^{1/2}. This case is the same as case 1 except that there is no NCYM phase.

Note that since the NCYM theory is well defined as long as E ≪ 1/R = 1/g^2_{YM} = T_{D0} it is not necessary to use any type IIA description based on light D0-branes in any phase.

Acknowledgments

We are grateful to R. Argurio, M. Cederwall, U. Gran, M. Nielsen, B.E.W. Nilsson and P. Sundell for valuable discussions and comments.

A. Conventions for S-duality, T-duality and lift to eleven dimensions

In this appendix we give the conventions we have used for S-duality, T-duality and lift of type IIA solutions to eleven dimensions.

The S-duality rules for a type IIB solution (in the string frame) are given by (in the case of zero axion):

ds̃^2 = e^{−ϕ}ds^2 , e^{ϕ̃} = e^{−ϕ} ,

B̃ = C_2 , C̃_2 = −B , C̃_4 = C_4 + B ∧ C_2 . (A.1)

For uplifting of a type IIA solution to eleven dimensions we use the following relations:

ds^2_{11} ℓ^2_p = e^{−2ϕ/3} ds^2_{IIA} α^′ + e^{4ϕ/3}( dx^{11} R − C_1 √ α^′ )^2 ,

A_3 ℓ^3_p = C_3 (α^′)^{3/2} + dx^{11} R ∧ B_2 α^′ , (A.2)

where x^{11} has radius R and ℓ_p is the eleven-dimensional Planck length, which are given by R = g √ α^′ and ℓ_p = g^{1/3} √ α^′, where g is the asymptotic value of the dilaton.

– 18 –

For T-duality between IIA and IIB solutions we use the Buscher rules [50] (in the string frame) g̃_{yy} = 1 g_{yy} , g̃_{μν} = g_{μν} − g_{μy}g_{νy} − B_{μy}B_{νy} g_{yy} , B̃_{μy} = g^{μy} g_{yy} , B̃_{μν} = B_{μν} − B_{μy}g_{νy} − g_{μy} B_{νy} g_{yy} , g̃_{μy} = B_{μy} g_{yy} , e^{2ϕ̃} = e^{2ϕ} g_{yy} , (A.3)

where y denotes the Killing coordinate with respect to which the T-dualization is applied, while μ,ν denote any coordinate direction other then y. The RR p-form fields transforms as [51]: C̃_{(p)μ···νρy} = C_{(p−1)μ···νρ} − (p − 1)C^{(p−1)[μ···ν|y|}g^{ρ]y} g_{yy} , C̃_{(p)μ···νρσ} = C_{(p+1)μ···νρσy} + pC_{(p−1)[μ···νρ}B_{σ]y} + p(p − 1)C^{(p−1)[μ···ν|y|}B^{ρ|y|}g^{σ]y} g_{yy} . (A.4)

B. ‘Flat space scaling’ an example

In this appendix we give an example, which shows the equivalence between the ‘super gravity dual’ approach used in this paper (see also e.g. [9, 30, 33]) to noncommutative theories and the ‘flat space scaling’ approach (see e.g. [3, 11, 15, 23]). With the ‘flat space scaling’ approach we mean that the noncommutative theory is obtained as a limit of string/M-theory, in flat space. As an example, we will deform the M5-brane with a light-like three form A. The decoupling limit in this case is given by:

ϵ → 0 , ℓ^2_p = ℓ^2_mϵ , A_{+15} = −A_{+34} = −ϵ^{−3/2} ,

g_{++} = −ϵ^{−3} , g_{−+} = g_{+−} = 1 , x^± = 1 √ 2 (x^2 ± x^0) ,

g_{ab} = δ_{ab} , a, b = 1, 3, 4, 5 , g_{mn} = ϵ^3δ_{mn} , m, n = 6, . . . , 10 . (B.1)

This gives the following (fixed) open membrane metric and generalized noncommutativity parameter:

G^{OM}_{μν} = η_{μν} , Θ^{−15}_{OM} = −Θ^{−34}_{OM} = ℓ^3_m . (B.2) If we now compare (B.1) and (B.2) with the supergravity dual (2.18) and open membrane data in (2.21), we have a perfect match between the two different approaches if we identify ( r̃ R̃ ) = ϵ^{−1} . (B.3)

This implies that the two approaches give the same decoupling limit. Conclusion: taking the decoupling limit (B.1) above corresponds in the supergravity approach, to first obtaining the M5-M2-M2-W bound state (2.16), then taking the near horizon limit (2.17), which gives the supergravity dual (2.18), followed by taking the (r̃/R̃) = ϵ^{−1} → ∞ (decoupling) limit.

To obtain the other flat space scaling limits, which corresponds to the supergravity duals (2.3) and (2.13), are straight-forward, and we will therefore not include them here.

– 19 –

References

[1] A. Connes, M.R. Douglas and A. Schwarz, Noncommutative geometry and matrix theory:

compactification on tori, J. High Energy Phys. 02 (1998) 003 [hep-th/9711162].

[2] M.R. Douglas and C. Hull, D-branes and the noncommutative torus, J. High Energy Phys. 02 (1998) 008 [hep-th/9811165].

[3] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys.

09 (1999) 032 [hep-th/9908142].

[4] A. Hashimoto and N. Itzhaki, Non-commutative Yang-Mills and the AdS/CFT correspondence, Phys. Lett. B 465 (1999) 142 [hep-th/9907166];

J.M. Maldacena and J.G. Russo, Large-N limit of non-commutative gauge theories, J. High Energy Phys. 09 (1999) 025 [hep-th/9908134].

[5] M. Alishahiha, Y. Oz and M.M. Sheikh-Jabbari, Supergravity and large-N noncommutative field theories, J. High Energy Phys. 11 (1999) 007 [hep-th/9909215].

[6] J.X. Lu and S. Roy, (p + 1)-dimensional noncommutative Yang-Mills and D(p − 2) branes, Nucl. Phys. B 579 (2000) 229 [hep-th/9912165].

[7] R.-G. Cai and N. Ohta, Noncommutative and ordinary super Yang-Mills on (D(p − 2),Dp) bound states, J. High Energy Phys. 03 (2000) 009 [hep-th/0001213].

[8] J. Gomis and T. Mehen, Space-time noncommutative field theories and unitarity, Nucl. Phys.

B 591 (2000) 265 [hep-th/0005129].

[9] D.S. Berman, V.L. Campos, M. Cederwall, U. Gran, H. Larsson, M. Nielsen, B.E.W. Nilsson and P. Sundell, Holographic noncommutativity, J. High Energy Phys. 05 (2001) 002 [hep-th/0011282].

[10] P. Sundell, Spin(p + 1, p + 1) covariant Dp-brane bound states, Int. J. Mod. Phys. A 16 (2001) 3025 [hep-th/0011283].

[11] O. Aharony, J. Gomis and T. Mehen, On theories with light-like noncommutativity, J. High Energy Phys. 09 (2000) 023 [hep-th/0006236].

[12] M. Alishahiha, Y. Oz and J.G. Russo, Supergravity and light-like non-commutativity, J. High Energy Phys. 09 (2000) 002 [hep-th/0007215].

[13] R.-G. Cai and N. Ohta, Lorentz transformation and light-like noncommutative sym, J. High Energy Phys. 10 (2000) 036 [hep-th/0008119].

[14] P. Aschieri, Duality rotations and BPS monopoles with space and time noncommutativity, Nucl. Phys. B 617 (2001) 321 [hep-th/0106281].

[15] R. Gopakumar, J. Maldacena, S. Minwalla and A. Strominger, S-duality and noncommutative gauge theory, J. High Energy Phys. 06 (2000) 036 [hep-th/0005048].

[16] N. Seiberg, L. Susskind and N. Toumbas, Strings in background electric field, space/time noncommutativity and a new noncritical string theory, J. High Energy Phys. 06 (2000) 021 [hep-th/0005040].

[17] J.L.F. Barbón and E. Rabinovici, Stringy fuzziness as the custodian of time-space noncommutativity, Phys. Lett. B 486 (2000) 202 [hep-th/0005073].

[18] T. Harmark, Supergravity and space-time non-commutative open string theory, J. High Energy Phys. 07 (2000) 043 [hep-th/0006023].

– 20 –

[19] R.-G. Cai and N. Ohta, (F1, D1, D3) bound state, its scaling limits and SL(2, Z) duality, Prog. Theor. Phys. 104 (2000) 1073 [hep-th/0007106].

[20] J.G. Russo and M.M. Sheikh-Jabbari, Strong coupling effects in non-commutative spaces from om theory and supergravity, Nucl. Phys. B 600 (2001) 62 [hep-th/0009141].

[21] H. Larsson, A note on half-supersymmetric bound states in M-theory and type IIA,

hep-th/0105083 to appear on Class. Quant. Grav.

[22] U. Gran and M. Nielsen, Non-commutative open (p,q) string theories, J. High Energy Phys.

11 (2001) 022 [hep-th/0104168].

[23] R. Gopakumar, S. Minwalla, N. Seiberg and A. Strominger, OM theory in diverse dimensions, J. High Energy Phys. 08 (2000) 008 [hep-th/0006062].

[24] E. Bergshoeff, D.S. Berman, J.P. van der Schaar and P. Sundell, Critical fields on the m5-brane and noncommutative open strings, Phys. Lett. B 492 (2000) 193 [hep-th/0006112]; A noncommutative M-theory five-brane, Nucl. Phys. B 590 (2000) 173 [hep-th/0005026].

[25] D.S. Berman and P. Sundell, Flowing to a noncommutative (OM) five brane via its supergravity dual, J. High Energy Phys. 10 (2000) 014 [hep-th/0007052].

[26] T. Harmark, Open branes in space-time non-commutative little string theory, Nucl. Phys. B 593 (2001) 76 [hep-th/0007147].

[27] T. Harmark and N.A. Obers, Hagedorn behavior of little string theories, hep-th/0010169.

[28] D.S. Berman and P. Sundell, AdS_3 OM theory and the self-dual string or membranes ending on the five-brane, Phys. Lett. B 529 (2002) 171 [hep-th/0105288].

[29] J.X. Lu, (1 + p)-dimensional open D(p − 2) brane theories, J. High Energy Phys. 08 (2001) 049 [hep-th/0102056].

[30] H. Larsson and P. Sundell, Open string/open D-brane dualities: old and new, J. High Energy Phys. 06 (2001) 008 [hep-th/0103188].

[31] R.G. Cai, I. Mitra, N. Ohta and S. Roy, On decoupled theories in (5 + 1) dimensions from (F,D1,NS5,D5) supergravity configuration, J. High Energy Phys. 12 (2001) 029 [hep-th/0111027].

[32] J.P. Van der Schaar, The reduced open membrane metric, J. High Energy Phys. 08 (2001) 048 [hep-th/0106046].

[33] D.S. Berman, M. Cederwall, U. Gran, H. Larsson, M. Nielsen, B.E.W. Nilsson and P.

Sundell, Deformation independent open brane metrics and generalized theta parameters, J. High Energy Phys. 02 (2002) 012 [hep-th/0109107].

[34] O. Aharony, M. Berkooz and N. Seiberg, Light-cone description of (2,0) superconformal theories in six dimensions, Adv. Theor. Math. Phys. 2 (1998) 119 [hep-th/9712117].

[35] O.J. Ganor and J.L. Karczmarek, M(atrix)-theory scattering in OM-theory, J. High Energy Phys. 10 (2000) 024 [hep-th/0007166].

[36] M. Berkooz, Light-like (2,0) noncommutativity and light-cone rigid open membrane theory,

hep-th/0010158.

[37] S. Kawamoto and N. Sasakura, Open membranes in a constant c-field background and noncommutative boundary strings, J. High Energy Phys. 07 (2000) 014 [hep-th/0005123]; C. Hofman and W.-K. Ma, Deformations of topological open strings, J. High Energy Phys. 01 (2001) 035 [hep-th/0006120];

– 21 –

C.M. Hofman and W.K. Ma, Deformations of closed strings and topological open membranes, J. High Energy Phys. 06 (2001) 033 [hep-th/0102201]; J.-S. Park, Topological open p-branes, hep-th/0012141;

A.K. Das, J. Maharana and A. Melikyan, Open membranes, p-branes and noncommutativity of boundary string coordinates, J. High Energy Phys. 04 (2001) 016 [hep-th/0103229]; L. Cornalba and R. Schiappa, Nonassociative star product deformations for D-brane worldvolumes in curved backgrounds, Commun. Math. Phys. 225 (2002) 33 [hep-th/0101219].

[38] E. Bergshoeff and J.P. Van der Schaar, Reduction of open membrane moduli, J. High Energy Phys. 02 (2002) 019 [hep-th/0111061].

[39] J.A. Garcia, A. Guijosa and J.D. Vergara, A membrane action for OM theory,

hep-th/0201140.

[40] K.A. Intriligator, Maximally supersymmetric RG flows and AdS duality, Nucl. Phys. B 580 (2000) 99 [hep-th/9909082];

A. Buchel, A.W. Peet and J. Polchinski, Gauge dual and noncommutative extension of an N = 2 supergravity solution, Phys. Rev. D 63 (2001) 044009 [hep-th/0008076].

[41] R.-G. Cai and N. Ohta, On the thermodynamics of large-N non-commutative super Yang-Mills theory, Phys. Rev. D 61 (2000) 124012 [hep-th/9910092].

[42] J. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[43] N. Seiberg, New theories in six dimensions and matrix description of M-theory on T^5 and T^5/Z_2, Phys. Lett. B 408 (1997) 98 [hep-th/9705221].

[44] O. Aharony, A brief review of ‘little string theories’, Class. and Quant. Grav. 17 (2000) 929 [hep-th/9911147].

[45] O. Aharony and M. Berkooz, IR dynamics of D = 2, N = (4, 4) gauge theories and DLCQ of ‘little string theories’, J. High Energy Phys. 10 (1999) 030 [hep-th/9909101].

[46] E. Bergshoeff, R.-G. Cai, N. Ohta and P.K. Townsend, M-brane interpolations and (2,0) renormalization group flow, Phys. Lett. B 495 (2000) 201 [hep-th/0009147].

[47] R.-G. Cai, J.X. Lu, N. Ohta, S. Roy and Y.S. Wu, OM theory and V-duality, J. High Energy Phys. 02 (2001) 024 [hep-th/0101069].

[48] U. Gran and M. Nielsen, On the equivalence of bound state solutions, hep-th/0108113;

U. Gran, The quest for M-theory, PhD-thesis, Chalmers University of Technology 2001.

[49] D.J. Gross and N.A. Nekrasov, Monopoles and strings in noncommutative gauge theory, J.

High Energy Phys. 07 (2000) 034 [hep-th/0005204]; Dynamics of strings in noncommutative gauge theory, J. High Energy Phys. 10 (2000) 021 [hep-th/0007204].

[50] T.H. Buscher, A symmetry of the string background field equations, Phys. Lett. B 194 (1987) 59; Path integral derivation of quantum duality in nonlinear sigma models, Phys. Lett. B 201 (1988) 127.

[51] M. Dine, P.Y. Huet and N. Seiberg, Large and small radius in string theory, Nucl. Phys. B 322 (1989) 301;

J. Dai, R.G. Leigh and J. Polchinski, New connections between string theories, Mod. Phys. Lett. A 4 (1989) 2073.

– 22 –